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THE DETERMINATION OF
MINIMAL PROJECTIONS AND EXTENSIONS IN L!

B. L. CHALMERS AND F. T. METCALF

ABSTRACT. Equations are derived which are shown to be necessary and suffi-
cient for finite rank projections in L! to be minimal. More generally, these
equations are also necessary and sufficient to determine operators of minimal
norm which extend a fixed linear action on a given finite-dimensional subspace
of L! and thus may be viewed as an extension of the Hahn-Banach theorem
to higher dimensions in the L! setting. These equations are solved in terms
of an L! best approximation problem and the required orthogonality condi-
tions. Moreover, this solution has a simple geometric interpretation. Questions
of uniqueness are considered and a number of examples are given to illustrate
the usefulness of these equations in determining minimal projections and ex-
tensions, including the minimal L! projection onto the quadratics.

1. INTRODUCTION

In [3] Cheney and Franchetti derived sufficient and necessary (assuming the
subspace is “smooth”) conditions for finite rank L! projections to be minimal
(Theorem 1 below). One of the conditions is an equation (constancy of the
Lebesgue function) and the remaining conditions are of an inequality nature. As
an application of the sufficiency of these conditions, they obtained the minimal
projection from L![-1, 1] onto the lines [1,¢]. In §2 we develop a set of
easily applicable necessary and sufficient equations, with no assumptions on the
subspace. Finally in §2, we will demonstrate that these equations imply certain
linear equations known to be necessary in this context [2]. In §3 it will be shown
that these equations admit a solution in terms of a family of best approximation
problems in L! and the orthogonality conditions, a solution which has a simple
geometric interpretation. In §4 we will develop criteria for both uniqueness and
nonuniqueness. As applications, in §5, we will rederive the Cheney-Franchetti
example of the minimal projection onto [1, ¢], and also obtain the minimal
projection onto the quadratics [1, ¢, 2]. We will also give a new proof of
minimality in the setting of general compact abelian groups. The equations
developed in §§2 and 3 (Theorems 2 and 3) apply equally well to operators of
minimal norm extending any fixed action on the given subspace and thus may
be viewed as an extension of the Hahn-Banach theorem to higher dimensions
in the L! setting. Examples of this will also be given in §5.

We note that the existence of the minimal operators, characterized in Theo-
rem 2 in §2, is known (see, e.g., [8]).
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Theorem 1 (Franchetti and Cheney [3]). Let (T, X, v) be a measure space for
which (L')* = L>. Let 7" be a finite-dimensional subspace of L', and let
P =S u; ® v; be a projection of L' onto 7 with u; € L and v, € 7. In
order that P be minimal, the following two conditions are sufficient; they are
also necessary under the additional assumptions that 7" is smooth, v(T) < oo,
and v is nonatomic:

(a) the Lebesgue function of P is constant (a.e.), and

(b) there do not exist 6, ..., 0, € Z+NL>® such that

n
esssup » _ 6;(1)Vi(1) <0,

i=1

where
Vi(t) = / vi(s)sgnk(z, s)dv(s) and k(t,s)= i uj(Hv;(s).
T et

Recall that, in an L! space, the subspace 7 is said to be smooth if and only
if each member of 7°\0 is almost everywhere different from 0. For u € L
and v € L', the tensor notation u®v denotes the linear operator on L! whose
value at f is given by ([ fudv)v . Further notation which will be used in the
following is

J}‘:(J’I,--‘,J’n), f'2=y121+"'+ynzn,
|f|=(f'f)]/2, and ﬁ@ﬁzZu,@»vi.

Also, the Lebesgue function L(¢) for P is given by
L) = [ ke, )dvio) =i - P, teT;
T

note that ||P|| = esssup L(¢); see [3, Lemma 2]. Throughout this paper the
notation ¢t € 7 C T will mean for almost all ¢ out of T’ relative to the
measure v .

Theorem 1 above may be extended to families of operators which have any
fixed action on 7, not necessarily just the identity action as in the case of
projections. To ascertain the validity of this, straightforward changes can be
made in the Franchetti and Cheney paper [3]. The resulting statement is given
in the following theorem.

Theorem 1A. Theorem 1 holds where P =Y u; ® v; is no longer necessarily a
projection, but an operator where

/Tv[(t)uj(t)dv(t)=a,j (i,j= l,...,n),

with the matrix A = (a;j) fixed, but nonzero.
As an example consider 7" =[1,t,1*] on T =[0, 1]. Choosing

1 0

() =((1-0?%, 2t(1=1),?) and A= [0 0

0 1

A==
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corresponds to the action of the Bernstein operator on the quadratics. For other
examples where the action on 7~ is not necessarily the identity, see §5.

In the following all the statements and results will refer to the operator P
(and the associated “action” matrix A) of Theorem 1A. Note that if P is a
projection then A is the identity matrix.

2. NECESSARY AND SUFFICIENT EQUATIONS

Throughout the remainder of this paper it will be assumed that (T, X, v) is
a complete measure space and that v is strictly localizable. This latter condition
is satisfied, for example, if v is o-finite, and is equivalent to the existence of
a lifting on L*°(v). The measure v being strictly localizable implies that v
is localizable, which is equivalent to (L!)* = L°°, and is also equivalent to v
having the Radon-Nikodym property. For the pertinent definitions and theory
see, €.g., [9]. For simplicity we assume also that the underlying field is the real
numbers R, and note that, with slight modifications, the field can be taken to
be the complex numbers instead.

The following theorem provides necessary and sufficient (equality) conditions
for the operator P to be minimal.

Theorem 2. Let (T, X, v) be a complete measure space for which v is strictly
localizable. Let 7 be a finite-dimensional subspace of L', and let P =i o0 =
Z,  4i®; be an operator mappmg L! into 7 with u; € L*® (i=1, ny,
U= vy, ..., V) afixed basis for 7, and the matrix A fixed, as in Theorem
1A. In order that P be minimal, the followmg equality conditions are necessary
and sufficient: there exists a nonzero n x n matrix M such that

(a) the Lebesgue function L(t) = ||P|| on T’ = supp(Mv), and

(b) there exists a positive function ¢ such that
(1) oV (1) = MT(t), teT'.

(In fact, ¢ =u-MU/|P|.)

Proof. We first note that P endowed with its operator norm can be identified
with #®7 acting as a continuous function on the compact set K’ = B((L>)*) x
B(L>), where B denotes the unit ball, the topology is thie weak* topology in
each case, and # o U(x,y) = (x, 4)- (¥, y), where (z, z*) denotes the action
of zx € Z* on z € Z, and (z*, z) is defined to be (z, z*). (Note that
(U,y)= [pOydv,and (x, @) = [pxidv if x € L'.) But, by use of the Krein-
Milman Theorem (implying B(Z*) is the closed convex hull of its extreme
points), K’ can be replaced by the compact set K = EB((L>)*) x EB(L®),
where EB denotes the weak™ closure of the extreme points in B .

Let &P) = {(x,xy) e K; i o U(x,xy) = £||P||}. Let A={€0T;¢¢€
(74"}, fix iy € (L*®)" such that #, ® U is admissible, and let P = iy ®
U — € ® U for a suitable & . Then applying standard duality theory for best
approximation in a continuous function space (see, e.g., [10, Theorem 1.1 (p.
18) and Theorem 1.3 (p. 29)]), we have that P is minimal if and only if there
exists a finite, nonzero, signed measure u on & (P) such that sgn u((x, +y)) =
+1 and

(2) 0= §ovduy onA.
£(P)
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Note further that &(P) = &+(P)U &~ (P), where

EE(P) ={(x, ) }x,2p)ceP)-

Letting u* = ulg+ and yu~ = —u|g-, and extending p* to &F by sym-
metry, we “symmetrize” u by setting y; = (u* +u7)/2 on &t and u; =
(—ut—=pu7)/2 on &~ . Thus, the homogeneity of (i —50)®U(x ,¥),asa func-
tion of y, shows that the signed measure x on & may be replaced by the (non-
negative) measure u; on &%, which therefore induces a measure y; which is
supported on & (P) = {x; (x, +y) € &+ (P)}, since, for (x, +y) € E¥(P),
y = sgn((x, #) - ¥) is a function of x. Thus, (2) is equivalent to

05/ (x, &) - (U, y)du(x)
&(P)

= </ (7, y)xdu(x), é'> forall £e ()" = (Z'")*,
&(P)

1.€.,
/ (@, yyxdui(x) = MT
& (P)

for some n x n matrix M .

Now EB((L*)*) is known to consist of the nonzero multiplicative linear
functionals on L* (see, e.g., [9]) and is easily seen to be a weak™* closed subset
of independent elements in (L*>°)*. Furthermore, it is easy to check that the
mapping ¢ — 6 = &, o p, where J, represents point evaluation at ¢ and
p is a lifting (a linear, multiplicative selection from the equivalence classes)
on L*(v), is a 1-1 mapping from 77 into EB((L*)*) for some 77 C T,
v(T1) = v(T). Thus, &(P) C {6/ }er UIEI(P) — {6/ }rer] and, viewing MU
as an element of ((L°)*)", we can write

/ (ﬁ,y)xdul(x)+/ (U, y)xdu(x)
x€{d her

x€&(P)—{0; hier

= MG (t)é; dv(e).
teT
But now, by the independence of the set & (P) in (L>°)*, we conclude that u,
has no support on & (P) — {d;};er and that u, therefore induces a measure
(call it u, again) on T such that

(U, sgn((d;, d) - U))ydu,(t) = MU(t)dv(t) for (almostall) reT.

Hence, u; is absolutely continuous with respect to v and thus, since (d], i) =
(pu)(t) = i(t) a.e. (v), the proof is concluded. (Recall that ||P| = esssup#(¢)-
V(t), and so A4 nonzero 1mphes that [’] # {0}, and thus M is also nonzero.
Also note that du,/dv =4 Mv/||P|.) O

Remark. The Cheney-Franchetti theory (Theorems 1 and 1A) can be used to
obtain the conclusion of Theorem 2 under the hypotheses of Theorem 1 (namely
7" is smooth (in which case 7 = T in Theorem 2), v(7) < oo, and v
is nonatomic) as indicated in the following sketch. Identify P with & ©® ¥
acting as a member of L>°(D), where D = {J,},er x EB(L®), since ||P|| =
esssupycp(#@7)(d) , and best approximate #O7 from A = {£€07; €€ (7' +)"}.
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The content of Theorems 1 and 1A in this context is that P is minimal if
and only if ¥ ® ¥ is (a.e. (v)) constant (||P||) on the “diagonal” set Dp =
{(é;, sgn(é(t) - ¥))}yer € D and cannot be improved on Dp (i.e., have its
L>>(Dp) norm lowered) by adding to # ® U an element ¢ ® ¥ in A. We can
now apply duality theory to conclude that P is minimal if and only if there
exists a bounded additive set function x € [L>(D)]* such that (i) ||u|| =1, (ii)
(ov, u) = ||P||, (iii) (A, u) =0. But (i) and (ii) show that u is supported on
Dp (if i(t)- (U, y) = ||P| then y = sgn(il(t) - ¥), i.e., we can regard 4 as an
element of [L(T, X, v)]* and thus (iii) is equivalent to [, &()- V(t)du(t) =
0, for all &€ (Z+)" = (Z™)*, which implies that V (¢)du(t) = MT(t)dv(t)
for some nonzero matrix M ; u > 0 follows easily from (i) and (ii).
The following corollary was shown in [3] in the case v is nonatomic.

Corollary 1. If 77 is smooth, then the Lebesgue function, for the minimal oper-
ator P in Theorem 2, is constant on T .

Proof. T' =supp(M¥) =T in Theorem 2. O

As a further corollary to Theorem 2, we can derive, in the event that # is
sufficiently differentiable and 7 is smooth, a linear differential equation known
to be necessary for P to be minimal. First, we need the following lemma (see
[5, p. 291 or 6, Corollary 1.2]).

Lemma 1. Suppose that 7 is an n-dimensional smooth subspace, let T =
(vi, ..., vy) bea basis for 7", let d = (ay, ..., a,) € R", and define

f@)= [ 1a-56ldv(s).
Then
9
6(1,‘
Corollary 2. Suppose that 7" is an n-dimensional smooth subspace and P =
Yo ui ®v; is minimal in Theorem 2 (with (1) holding), and suppose further
that the {u;}!_, are piecewise differentiable on T . Then the {u;}"_, satisfy the
following linear differential equation on T
Mv(t)-d'(t)=0.
The equation () is a known necessary condition for P to be minimal (see
[2D.

Proof. Since P is minimal, L is constant on T and therefore by Lemma 1
and Theorem 2,

f(a = /Tv,-(s) sgnl[d - U(s)]dv(s) ford#0.

" oL

— T4 — oL
o_L(t).i=1 Fu

() =P () - (t) = MT(t) - ¥ (1) $(2)

forteT. O

Remark. In the setting of the applications in §5 below it will be seen that for
P minimal the u;’s must be piecewise differentiable whenever the v;’s are
piecewise differentiable.
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3. SOLUTION OF THE NECESSARY AND SUFFICIENT EQUATIONS

Theorem 3 below provides a formula and a method for calculating Pp;, via
the simultaneous solution of two standard problems. The first of these problems
is the solution of a family of best approximation problems in the L! norm (ap-
proximating an element of 7”7 by members of an # — 1-dimensional subspace);
while the second problem involves the solution of a system of equations (the
orthonormality equations for P). The proof of this theorem follows immedi-
ately from Theorem 2 and the following Lemma 2. The result of Theorem 3
admits an especially simple geometric interpretation.

Lemma 2. For t € €(P) = {t; L(t) = ||P||} (the critical set of P =i ® V),

) ()P (1) - 7*(1)
3 t= P P}
® =P E P ® @1

where o(t) is any positive scalar and 7*(t) yields

min [|[a(1) V(1) = F(0)] - )1 »

subject to 7(t)- V(1) =0.

Proof. Fix t € @(P), and let T = {7; 7 - V(¢) = 0}. There exists a positive
scalar o and a vector * e I" such that #(¢) = aV(t)=7*. Hence, 0 = 7-V (1) =
J7(7-7) sgn(a V(t)-7—7*-0)dv, for all e I'; which shows, by the theory of
best approximation in L1 (see, e.g., [6]), that 7*-7 is a best L!-approximation
to aV/(1)-v from {}-U; ¥ € I'}. Finally, ||P| = ||i@(2)-0]ly = [V (£)=7*1-0])1 .
That (3) holds for any positive scalar a(t) follows by scaling the numerator and

denominator simultaneously, and using the homogeneity of the norm together
with the homogeneity of the best approximation operator. 0O

Definition. For a given n x n matrix M and fixed t € T, let y*(¢; M) denote
a solution to the L' best approximation problem

4 i MG(0)]-T -7 .
(4) 5, min IMY@0)]-0 =79l

Remark. For given M and fixed ¢t € T in problem (4), [Mv(¢)]- U is a fixed
element of the n-dimensional space 7, while ¥ - ¥ belongs to an n — 1-
dimensional subspace described by % - M#(t) = 0. Thus, for given M and
teT, 7*(t; M) exists (not uniquely, in general).

Theorem 3. Under the same hypotheses as in Theorem 2, P = Y[_ u; ® v; is

minimal, with norm A, if and only if there exists a nonzero n x n matrix M
such that

MG(1) - 7 (t; M)

a i) =2 = L — t e T' = supp(M7),
@ =Gy 7 - 7 @ M) -l pp(M7)
and
(b) /uivjdu=ai,~, i,j=l,...,n,

T
where

3(1) - M)
© A= (M) '//Tn[Mv(z) T, a0
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Proof. Apply Theorem 2 to Lemma 2, i.e., replace a(t)I7(t) by Mu(t). Finally,
expression (c¢) for A is a direct consequence of (a) and (b). Let the rows of M
be denoted by m; (i=1, ..., n). Then

o . [M3(t) — 7*(t; M)]- MU(t)

ult)y - Mo(t) =2 S >

(1) MU = 507 - 7 - 7+(t; M) - ol

Mu(t) - MU(¢)
-7 = 7(t; M) -9,

=A -
l[Mv(¢
and

(1) M(t) = > (Ol - 5(0)] = Y iy - [wi()T(1)] -
i=1 i=1

Integration of these expressions, together with (b), yields (c). O

Remark. The solution 7*(¢; M) is homogeneous (of degree 1) in M, as is
easily verified by considering (4). Thus, #(¢) is homogeneous of degree O in
M , so that the matrix M may be normalized without loss. The orthonormality
equations (b) are then n? equations for the n> — 1 remaining elements of M
(a linear combination cof these equations was used in deriving relation (c) for
4, hence only n? — 1 equations are independent).

Geometric interpretation. Regarding the result of Theorem 3, a geometric inter-
pretation of this solution is especially enlightening. The R"” norm given by

l@ll = lla@-d|ly forde R"

plays a central role. If S denotes the unit sphere induced by this norm, then,
for t € T, i(t) is a point on the A-sphere AS such that a tangent hyperplane
at that point is perpendicular (in the Euclidean sense) to the direction given by
Mi(t).

The orthogonality conditions, together with the solution for (), provide a
natural successive approximation iteration for the determination of the matrix
M and the norm A. Suppose, for convenience, that the matrix M is normalized
so that tr(MA) = 1. Letting

1
wits M) = (o] 5 = 7 M) -,

the orthogonality conditions may be written as (where vectors are interpreted
as columns and “1” denotes transpose)

/ @5t dy =4 or AIMGM)—T(M)] =4,
T

where
GM) = / w(t; M)T()v"(t)dv(t)
T
and

T(M) = /Tw(t; MYF*(t; MYT*(0) dw(1).

Using the fact that G(AM) = 1G(M) and I'(AM) = T(M), for A > 0, and
setting A = AM , we are led to two equations to be solved for 4 and A:

MAGA)—T(A)]=A4 and tr(Ad) =A.
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These equations suggest the iteration
1
A

where M = A/A if the process converges. The interesting question of when
this iteration process converges is not treated here; however, there are several
heuristic reasons for expecting this iteration to converge. First, if the unit sphere
S coincides with the unit Euclidean sphere in R" (as would be the case if
|ld@-v|, were replaced by ||d@-7||, and the ¥ were taken orthornormal, referred
to below as the “L? analogy”), then 7* is zero as is the matrix I'; thus, the
term containing I'(A) might reasonably be expected to be “small” relative to
the other terms. Secondly, the Gram matrix G(A) depends on A only through
the norm of an error term (see the definition of the weight w), and thus, might
reasonably be expected to be “close to constant” relative to the A term which
multiplies it. Also, using the L? analogy to develop good starting values leads
to A = 4/tr(4%) and A® =1 (assume that A is a scalar multiple of 4 and
that G(A) = I to discover these values). Examples illustrating several cases
where this process does in fact converge numerically are given in §5.

(5) A("“)=[ A+1“(A<">)] G I AM) and A*D = tr(A"+D 4),

4. UNIQUENESS

The question of uniqueness for P,;, has been investigated by Cheney and
Franchetti in [3]. In this section, we will obtain further information concerning
uniqueness, although a general statement remains open. “Smoothness” of 77
plays a central role in the uniqueness question.

The following easily checked example shows, for n = 1, exactly when Pp;,
is unique, and also shows, for » > 1, that “smoothness” is not essential.

Example. Let 77 be a space spanned by »n functions v; with disjoint supports

T; (i =1,...,n), where T = |J;T;, and suppose that 4 is a diagonal
matrix. Then a minimal operator is given by Py, = Y. u; ® v; where, for
¢i = aif/||vill1, ui = cisgn(v;)) (i=1,...,n),and ||Pyipll = maxi<i<q|ai|. It

follows that u;|7+ is unique if and only if i € J = {j; |ajj| = ||Pminll} . Thus
Pnin is unique if and only if all |a;;| are equal (1 < i< n) and 7" =T.
The values u;(t), for t € T —J,c, T; are arbitrary as long as [, v;u;dv = a;;
(1<i,j<n) and L(t) = 30, [wi(®|lvilly < [Pl

Note that in the above example, the case where T is a finite interval, the T;
are subintervals, and the v; are the characteristic functions of the 7;, can be
described as the case of 0-splines with fixed knots.

Lemma 3. Suppose 7 is smooth. Then sgn(i(t)-vU) is invariant over the set of
all Pmin .

Proof. Suppose that P, = Y u;; ® v; and P, = Y up; ® v; are both minimal.
Then using the constancy of the Lebesgue function (Corollary 1), the fact that
P = %(Pl + P>) is also minimal, and the triangle inequality, we conclude that

1= [ |[Br 0] g

|1 (2) - U(s)| + [#2(2) - T(S)] _
< /T[ 3 ]du(s):&.

dv(s)
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The equality condition for the triangle inequality then gives that, for t € T,

—

sgn(i,(¢) - U) = sgn(ilx(¢) - ¥). O

We record two useful consequences of this lemma in the following theorem.

Theorem 4. P, is unique if

(a) ([3) if v is nonatomic) 7 is rotund and smooth; or

(b) 7 is smooth and i(t)- ¥ is determined up to a scalar factor by its roots.
Proof. (a) follows from Lemma 3 and the definition of rotundity in the case
that 77 is smooth, i.e., sgn(d-v) = sgn(b - ¥) implies that @-7 = ¢b -7 for
some constant ¢, for then, in the notation of Lemma 3, #,(¢) = c(¢)i#2(¢) and
¢(t) = 1 by constancy and equality of the Lebesgue functions.

(b) follows from Lemma 3 because, for almost all ¢, #(¢)-¥ is unique up to
a scalar multiple ¢(¢). But then ¢(¢) =1 asin(a). O

Theorem 5. Let ii(t)-U be the kernel of Py, . For n > 2, ifthereexists T' C T,
with v(T') > 0, such that

essinf |i(¢)-U(s)| >0,
(t’s)eT,xTI (2) - v(s)|

then P, is not unique.

Proof. Let ¢ be the value of the essential infimum above. There exists a 5 # 0
such that [8(¢) - 9(s)| < &/2 for (¢,5) € T' x T, é(t) = 0 for t € T\T",
5e(ZL) and §(¢)- V(1) =0, t € T. For example, pick 7" C T’ such that
v(T")>0 and |7] < M < oo on T”, and assume without loss that V; Z0 on
T". Then let § = w(=V3, 1,0, ..., 0), where w € L n (K7, hZ])*,
w is supported on 7” and 0 < ||w]||e < &/(2M max ||V;]|) . Then for P with
kernel (&7 +6)(t) - T(s) , we have

(1) = /T 3(s) sgal( + 8)(1) - ()1 dw (s)
- /T 3(s) sgnld(r) - 5(s)] dw (),

i.e., the Lebesgue function L(t) = (i + 8)(t)- V(t) = il(t) - V() coincides with
the Lebesgue function for Py;,. O

Conjecture A. The converse of Theorem 5 is true if 27 is smooth.

Lemma 4. Suppose that n > 2, rank(A) > 2, and 7 is smooth. Then dim[V]
>2.

Proof. Suppose that dim[F’] = 1. Then after a suitable change of basis, the
matrix M of Theorem 2 may be assumed to have the form
my
0
M= .

—

0
Thus, the best approximation problem given by equation (3) becomes

min ||([7, - 9(£)1é1 —7) - Vi,
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where &, = (1,0,...,0) and 7 = [, - 9(t)]@ with & = (0, as, ..., a,).
Since m; - U(t) factors out of the above expression, it is immediate that the
solution a* is independent of ¢. Therefore, by Theorem 3, i(t) = w(t)[€] —
a*], where w(t) is a scalar-valued function. Hence, rank(4) = dim[d] =1,
which is a contradiction. 0O

Lemma 5. Let ii(t)-U(s) be the kernel of Py, . Suppose that n > 2, rank(A) >
2, and 7 is smooth. Then, for t € T, i(t)-U(s) has at least one sign change
as a function of s .

Proof. Suppose not. Then V is constant on some 7’ C T with v(T) >0
and this, together with Lemma 4 and equations (b) of Theorem 2, violates the
smoothness of 7. O

A consequence of Conjecture A and Lemma 5 would be

Conjecture B. P.;, is unique if 77 is smooth and continuous, and rank(A4) > 2
if n>2.

Lemma 6. If 7 is smooth, then the quantities V (1), ¢(t), M in equations (b)
of Theorem 2 are unique.

Proof. By Lemma 3, V is unique, and thus, ¢(¢) and M in (1) are unique up
to a scalar multiple. O

Recall that S denotes the unit sphere in R” induced by ||d@| = ||@- 7]|; for
deRrR".

Theorem 6. P, is unique if 7 is smooth and S has a unique point of tangency
on the plane perpendicular (in the Euclidean sense) to the direction at Mv(t) for
all te T (M given in (1)).

Proof. By Lemma 6, equations (b) of Theorem 2 are unique, and therefore
the matrix M of Theorems 2 and 3 is uniquely given. Next, observe that the
smoothness on 7” provides that 7/ =T, i.e., MU(t) # 0 for ¢ € T . Further,
7*(t), yielding min ||M¥(¢)—7]|, lies on the line through the origin perpendicular
(in the Euclidean sense) to M(¢) and is therefore uniquely determined for all
t except for at most a measure zero subset of 7 by hypothesis. Thus, # is
unique by (a) of Theorem 3. O

Corollary 3. If n = 2, rank(A4) =2, 7" is smooth, and v is nonatomic, then
Prin IS unique.

Proof. Lemma 4 shows that rank(M) = 2, and this together with the smooth-
ness of 7 shows that M4 (¢) is a different element of R? for each t € T'. Next,
the one-dimensional boundary of any unit ball in R? can have at most countably
many (counterclockwise) tangent directions common to more than one point.
Hence S is rotund at Mv(t),t € T (a.e. (v), since v is nonatomic). The
result then follows from Theorem 6. O

Corollary 4. If n = 2, rank(A) =2, 7  is smooth, and v is nonatomic, then
for te T, i(t)-v(s) =0 for some se€T.

Proof. The proof is an immediate consequence of Theorem 5 and Corollary
3. O



MINIMAL PROJECTIONS AND EXTENSIONS IN L' 299
5. APPLICATIONS

In order to determine minimal projections in the L! setting, two different
procedures will be indicated. The direct solution of Theorem 3 requires solving
an associated family of geometric problems (or best approximation problems).
This process may be bypassed in certain cases by relying on the fundamental
Theorem 2. This method is indicated by the following “prescription” for obtain-
ing the minimal projection Ppi, from L![-1, +1] onto [vy, ..., v,]. Both
of these methods will be illustrated in reconstructing the Franchetti-Cheney ex-
ample of 7" =[1,t] on T =[-1, +1] (with Lebesgue measure).

Secondly, we will obtain P,;, for an arbitrary two-dimensional uncondi-
tional subspace of L![—1, +1]. Next, Py, will be obtained for the quadratics
[1,¢,22] on T =[-1, +1]. Finally, an easy application of the theory yields a
new proof for P, in the setting where T is a compact abelian group.

Prescription. P,;, from L'[-1, +1] onto [vy, ..., v,].
Let

17,~()z)=(/_)?—/:2+~-+(-1)"-1/x1 )Ui(s)ds, i=1,....n.

n—1

Keeping in mind equation (b) of Theorem 2, for a given matrix M with nonzero
rows m; (i=1,...,n), we solve

VEW) _ Ta(Z(@) - _
(6) 00 Ty B0 i=1,...,n-1,
for X(t) = (xi1(t), ..., Xp—1(2)), with —1 < x;(¢) < --- < xp,—1(¢) < 1 for each
te(—1,1). Next, let
_ Va(Z(0))
o(t) = sgn l’hn %0
and solve the following » linear equations for u;(¢), ..., u,(¢):

VRO (r) +-+ Vu(E(0)ua(t) =40(2)
vi(a(O)ur(t) +---+ va(xi(1))ua(t) = 0

(7)

V1 (Xp—1 () g (8) + -+ U (Xn—1 (1)) tn(t) = O

There are now n? parameters m; ; and the norm parameter A to be determined
from the n? orthonormalization conditions

+1
(®) /_, wi(tv(t)dt=96;;  (i,j=1,...,n).

Note that a(t)ll;}()'c’(t)) will be V;(¢) of Theorem 2, i =1, ..., n. However,
the homogeneity of the system (6) allows one of the m;; to be normalized to be
1, leaving exactly n? equations in n2 unknowns. Finally, if (8) can be solved
for A > 0 and, for each ¢ € (-1, +1), k(¢, s) changes sign only at s = x;(¢)
(i=1,...,n—1) then Theorem 2 guarantees that we have Pp, .
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Remark. System (7) is equivalent to

vi(x1) 0 Up—r(X1) ¥ —Un(X1)
9) : : : = : ,
(41 (xn—l) o Up—a (xn—l) Vn-1 "vn(xn-l)
where y; = u;/u, (i=1,...,n—1), and
Ao

(10)

Uy = =< —= — .
" E W+t Va1 ()Wt + Va(E)

Note that in the algebraic case [1,¢, ..., ""!], the (n— 1) x (n — 1) matrix
above is a Vandermonde matrix.

Remark. The above prescription also applies to the more general problem of
Theorem 1A where dt is replaced by dv(t) and (8) is replaced by

1
(11) /_lu,-(t)vj(t)du(t)=a,-j (i,j=1,...,n).

Note 1. In the case 77 is Haar, then k(¢, s), as constructed according to the
above prescription, indeed changes sign only at s = x;(¢) (i=1,...,n—-1).

Application 1. 77 =1, ¢]—;,1; (Franchetti-Cheney [3]). This example will be
developed in two ways in order to illustrate the solution techniques given by
Theorems 2 (the prescription above) and 3, respectively.

Consiger first the process described by the above prescription. In this case
n=2, Vi(x)=2x and V5(x) = x> — 1. By use of symmetry considerations,
equation (6) becomes

2x(1) _ x%(1) -1
(1.6) 1 mt
from which the admissible solution is x(t) = mt — sgn(mt)vm?2t2 + 1. Equa-
tions (9) and (10) are then

(L.9) w(t)= —x(t) (= u(t)/uxt))
~ A0 (D)
(1.10) L) = v + 2O =1

a(t) = sgnx(t),

which give
_ Ax(D)] __Asgnx(?)
m=150m O "Toan
By use of the symmetry of u; and u,, equations (8) become
1 1
(1.8) / u(t)dt = / tuy(t) dt = %
0 0
which are identical to equations (8) and (10) of [3], and result in the equation
(12) 2p(D[1 - y*(1) + w(Dllog |y (1| + 1 - y*(1) = 0

for w(1), and hence m. It then follows that A > 0 and, from Note 1, Theorem
2 guarantees we have P, .
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Furthermore, if we consider the more general problem where equations (11)
become f_ll ui(t)vj(t)dt = a;j (i, j=1, 2), then the procedure leads to

2x(1)  x*(t) -1

1.6) = .
(1.6) 1+mit my+ mst

It is easily checked that, for any m,, m,, ms, there is exactly one admissible
root x(t¢). Equations (1.9) and (1.10) remain unchanged except that now

_ sgnx(1)
70 = Gatt + miD)
leading to
) Ax(0)
u(t) = [1+ x2(t)]sgn(l + myt)’
w(t) = Asgnx(t)

T[T+ x2(0)]sgn(1 + myt)
Equations (1.8) become

1 1
/ u(t)ydet=ay, / tu (t)dt = ay,
(1.8) ! !

1 t
/ u(t)dt = ayy, / tuy(t)dt = ay;,
-1 -1

which are to be solved for A, m;, my, ms.
As an illustration, take @y, = a;; = 0 and a;; > 0. Then symmetry consid-
erations again allow us to take m; = m,; = 0 and we arrive at

(12y 2w<1>[

as the equation generalizing (14) for (1), and hence for mj;. Equation (12)
is easily seen to be solvable if 2ay; > a;, . Also,

1
_ [x(0)]
/I—a“/Z A 1+x2([)dt.

Alternatively, using the geometric procedure of Theorem 3, we can solve the
Cheney-Franchetti example by determining the unit sphere ||@|| = 1, where the
norm is given by

1
jal = [ o+ axide = {
-1

The geometry of the sphere shows that attention can be restricted to the curved
part of the sphere which is described by |az| = (1 + /1 —44a?)/2, with the

tangent vector given by 7 = (1, —2a,/4/1 — 4a?), for |a;| < % By symmetry
considerations the matrix M may be taken diagonal with the normalization
tr(M) =1 yielding

Mu(e) = (1/(10+ S m)) C) - (ni;}:li%)'

a

AL (1~ (1) + p (1) ()] + 1 - ¥2(1) =0
22

(a2 +ad)/|az|, for |ai| < |aaf,
2|ay], for |a,| > |az]|.
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Thus, T- M9J(t) =0 yielding
1

W= A
and hence,
. A 1 mt
i) =Aen(t), &) = 5\ e B+ s )

which is easily seen to be the same as the answer obtained by the previous
method.

Now, we demonstrate the general procedure for determining the constants m
and A, as indicated at the end of §3. First we determine a so that y*(z; M) =
Mi(t) — aii(t)/4 is orthogonal to M (1), ie., a = A|MU(0)|?/d(t) - MT(1),
which yields y*(¢; M) = (mt — sgn(mt)V'1 + m2t2)(—mt, 1). The iteration in
(5) converges numerically very rapidly to the correct values for a wide range of
starting values for m and A (including those suggested in §3). Other numerical
schemes may be used to solve for m from a single equation (see Application 2
below).

Application 2. 77 = [v(¢), v,(2)] is any unconditional two-dimensional smooth
subspace of L![-1, 1], where v; > 0 on [0, 1],v, > 0 on (0, 1], and
(v2/v1)(t) < (va/v2)(1) on (0, 1]. “Unconditional” means that the norm
l{a, b)|| defined by f_ll |avy(t) + bv,(t)| dt satisfies ||(a, b)|| = ||(|al, |b])|| and
this implies that v; and () are even and odd functions respectively.

In this case n =2 and Vj(x =7 . f vi(t)dt, i =1, 2. Using symmetry
considerations, equation (6) becomes

i) _ P
vi(t)  muy(t)’

(2.6)
where m > 0 since v; > 0 and v, > 0 on (0, 1), and hence sgnI7, = sgn%
n (0,1).

Lemma 2.1. There exists a unique admissible solution x(t) to (2.6) for each
nonzero t € [-1, 1].

Proof. Consider
f(xs 1) = muy(OVi(x) — 01 (1) Pa(x)

(/ /)[mvz v1(5) — vy ()va(5)] ds

=2 [(sgnx)mvz(t)/ 'ul(s)ds+v1(t)/ v2(S) ds] .
0 Ix|
Then f(—1;1)=—f(1;1t) foreach t € [—1, 1] shows there exists at least one

root for each ¢t € [-1, 1]. Further, for 0 <t <1, f(x;t) >0 for x > 0,
while if —1 < x; < x, <0 we have

Sz 0= St 0 = 2mua() [ " oi(s)ds — 20,(1) / " va(s)ds > 0.
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Thus for 0 <t <1, f(x;t) has exactly one root at x(¢) € [0, 1]. (Note that
at t=0, f(1;0)=0.) O

Equations (9) and (10) are then

(2.9) w(t) = ‘U—‘f(xm) (= ui(6)/ua(2)),
R0 ... U N—
Vi(x(0)w(t) + Va(x(t))
(2.10) o(t) = sgn [—I%(—:%} =sgnx(t) = —sgnt,
which give
un(t) = Ava(x(1)) sgnx(t)
Va(x () V1 (x(0) — vi(x()) Pa(x(2))
uall) = — Avy(x(2)) sgn x (1)

Va(x(0)) V3 (x(8)) = 01 (x(£) Va(x(2))
By use of the symmetry of u; and u,, equations (8) become

1 1
(2.8) /Oul(t)vl(t)dt=/o uz(t)'uz(t)dt=%.

Lemma 2.2. Equations (2.8) can be solved for A >0 and m if U is continuous
at 1.

Proof. Rewriting (2.8) we have, using form (2.9) and (2.10),
1 _ 1 _
/ #vldt=— and ﬁvﬂh:i.
0 wVi(x) + Va(x) 24 0 wVi(x)+Va(x) 24
Now subtract these two equations to get an equation for m:
1 _
Gom) = [ D0 =00
o w(OVi(x(1) + Va(x(1))
But lim,,_,o+ x(¢) = —1 and lim,,_ . x(¢) = 0. Hence
1
- ! / v () [ﬂ(z)—ﬂ(l)] dt <0
Vi(=1)(v2/v1)(=1) Jo U1 U1

by hypothesis, while lim,, . x(1) = 0 implies G(co) = — [ va(2) dt/V3(0)
>0. O

G(0*) =

Application 3. 77 =1, ¢, *}_;,1;. In this case n =3 and

Nixr, x2) =200 —x2+ 1),  Va(x, x2) = x —x3,

Vi(x1, x2) = 3(1+ x} —x3).
By use of symmetry considerations, equations (6) become

201 (1) — () + 11 _ x{0) —x3() _ 3030 —x3(0) + 1]

my +m|3t2 t ms +m33t2

(3.6)
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By letting

equations (3.6) may be rewritten

3

(3.6)' xi—Xa+1l=n(xi-x3), X} -x3+1=ni-x3).

Introducing the variables y; = x; — x, and y, = x; + X, leads to

2,42
2}—2% +1=y31)2,

which reduce to the single quartic equation for y;:

(712 = 1)’[3y3 + 4 = 13)y2 — 41+ 1 =0.

This equation is then solved yielding admissible x; and x; (-1 < x(¢f) <
Xx2(t) < 1). The function o(¢) (in (7)) is —1 for |¢| < ¢ and +1 for ¢y < |¢],
where +¢; are points where the admissible solutions of the quartic equation
switch from one pair of roots to another. The values of A, my;, m;3, ms;,
and mj3 are determined from the five non-trivial orthonormality conditions

1 1 1
1= /_lul(t)dt=/_1t2u3(t)dt=/_ltuz(t)dt,
0= /l tzul(t)dt=/l us(t)dt.

-1 -1

The solution of these equations (for example, by the iteration method of §3)
yields A = 1.359484..., m;; = 1.071032..., m;3 = —0.714964... , m3, =
—0.166288..., m3; = 1.361491..., t;, = 0.457109.... Hence, the x;(¢) are
specified (equation (3.8)), and (recall Note 1) Ppin = # ® U, where #(?) is

given by
Vi) VaE) TEE) [w@) Ao (1)
1 xi()  xE) w) =1 0 |,
1 Xz(t) x3(¢) us(?) 0

Zlgg _ 34 sgn(1y,) (y%:;,IZ)/4
win) ) Vi-2-307-¥D/2 )

and || Pyin|| = 4. Finally, by Theorem 4(b), Ppi, is unique.

yi+1l1=yy1y2 and y;

(3.8)

Application 4 ([1]; see also [7]). Let T (with “+”) be a compact abelian group

with Haar measure v, T its dual, N a finite part of T and 77 the linear
hull of the characters v, , T € N. In this application Z denotes the complex
conjugate of z and sgn(z) = Z/|z|, z # 0. Further, let

= {P:Zu,@m:L'(T)—»W;

TEN

Ply = Z a,v; @ V| for fixed a, (1 € N)} .

TEN
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Prin = Y ey @V:®U; is minimal in & by (1) (where ¢ = 1) since, first,

for c € N,

Valt) = /T Uo(s) sgn (Z m(r)z)f(s)) dv(s)

TEN

= /va(s)sgn (Z ﬁr’vz(s—t)) dv(s)
T

TEN

= v,(2) /T U (r) sgn (Z a,v,(r)) dv(r)

TEN
= mava(t) )

and thus, secondly,
L) = () - V(t) = Y @0 ()meuoe(t) = Y @eme  (W()ve(t) = 1), teT.

TEN TEN

Example 1. In the case of T being the circle group, and N = {0, £1, ..., +n}
C T = Z (the integers), the Fourier projection ([#] = 77) is minimal, and is
furthermore unique by Theorem 4(b) (see also [7]).

Example 2. In the case that 7" = [0, 1] with dyadic addition, let Z” be the

first » Rademacher functions on 7. Then the Fourier projection ([i#] = 7)
is minimal, but is not unique for #» odd by Theorem 5, since

10.

i vi(t+s)

i=1

essinf |7(¢) - T(s)| = essinf >1  (Ju(nl=1).
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